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Abstract. From Koornwinder's interpretation of big q-Legendre polynomials as 
spherical elements on the quantum SU{2) group an addition formula is derived for 
the big g-Legendre polynomial. The formula involves Al-Salam-Carlitz polynomi- 
als, little q-Jacobi polynomials and dual q-Krawtchouk polynomials. For the little 
(-H , gt-ultraspherical polynomials a product formula in terms of a big (j-Legendre polyno- 

mial follows by (/-integration. The addition and product formula for the Legendre 
polynomials are obtained when q tends to 1. 



! 1. Introduction 

in 



Quantum groups provide a powerful approach to special functions of basic hy- 



■<sj- I pergeometric type, cf. the survey papers by Koornwinder [12] and by Noumi [16], 



where the reader will also find (more) references to the literature on quantum 
■ groups and basic hypergeometric functions. In this paper we show how the quan- 
"Th ! tum group theoretic interpretation of basic Jacobi polynomials leads to an addition 
formula for the big g-Legendre polynomials involving little g-Jacobi polynomials, 
^ ' dual g-Krawtchouk polynomials and Al-Salam-Carlitz polynomials. 

There are now several addition formulas available for basic analogues of the Le- 
gendre polynomial. The addition formula for the continuous g-Legendre polynomial 
', is proved analytically by Rahman and Verma [20], and a quantum SU (2) group the- 
I oretic proof of this addition formula is given by Koelink [10]. However, the quantum 
group theoretic proof more or less uses knowledge concerning the structure of the 
addition formula for the continuous g-Legendre polynomials. On the other hand, 
Koornwinder's [13] addition formula for the little g-Legendre polynomials follows 
naturally from the interpretation of the little g-Jacobi polynomials on the quantum 
SU{2) group and this formula would have been hard to guess without this inter- 
pretation. Rahman [19], knowing what to prove, has given an analytic proof of the 
addition formula for the little g-Legendre polynomials. As a follow-up to Koorn- 
winder's [14] paper, in which he establishes an interpretation of a two-parameter 
family of Askey- Wilson polynomials as zonal spherical elements on the quantum 
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SU (2) group, abstract addition formulas, i.e. involving non-commuting variables, 
have been given by Noumi and Mimachi [17] (see also [18]) and by Koelink [10]. 
As a result of this approach there is a (degenerate) addition formula for the two- 
parameter family of Askey- Wilson polynomials, cf. [17], [10]. 

The group theoretic proof of the addition formula for the Legendre polynomials 
starts with the spin I {I E Z) representation of the group SU{2). The matrix 
elements t\^ ,^ are known in terms of Jacobi polynomials and the matrix element 

is expressible in terms of the Legendre polynomial. Moreover, q is the zonal 
spherical function with respect to the one-parameter subgroup K = 5'(t/(l)xt/(l)) 
of SU{2), i.e. t^Q^Q{gk) = t^Q^oikg) = ^^^{g) for aU g e SU{2) and for aU k E K. 
Using the homomorphism property we get 

(1.1) W = E *o,fe(^)4,o(^), V^, h e 5t/(2), 

k 

which yields the addition formula for the Legendre polynomials. We can also view 
(1.1) as an expression for the unique (up to a scalar) function SU{2) 3 g ^ t^ Q^gh) 
in the span of the matrix elements ^, which is left X-invariant and right hKh~^- 
invariant. It is this view of (1.1) we adopt in this paper. 

This view of (1.1) implies that we are not using the comultiplication in the 
quantum group theoretic derivation of the addition formula, in contrast with the 
quantum group theoretic proofs of addition formulas mentioned. We start with a 
formula relating the unique (up to a scalar) zonal spherical element, which is left 
and right invariant with respect to different quantum "subgroups", to the matrix 
elements of the standard irreducible unitary representations of the quantum SU (2) 
group. This formula is proved by Koornwinder in his paper [14] on zonal spherical 
elements on the quantum SU{2) group. In [14] Koornwinder interpreted a two- 
parameter family of Askey- Wilson polynomials as zonal spherical elements on the 
quantum SU (2) group. For a suitable choice of the parameters a quantum group 
theoretic interpretation of the big g-Legendre polynomials is obtained, which is a 
quantum group analogue of (1.1). 

This identity involves non-commuting variables, so we use a representation to 
obtain an identity for operators acting on a Hilbert space. By letting these opera- 
tors act on suitable vectors of the Hilbert space and taking inner products we obtain 
in a natural way an addition formula for the big g-Legendre polynomial. The ad- 
dition formula involves Al-Salam-Carlitz polynomials, little qf-Jacobi polynomials 
and dual g-Krawtchouk polynomials. The big g-Legendre polynomial corresponds 
to the term Q{gh) on the left hand side of (1.1) and the little g- Jacobi poly- 
nomials, respectively the dual g-Krawtchouk polynomials, correspond to tg^ig), 
respectively t|jo(^)' (l-l)- '^^^ Al-Salam-Carlitz polynomials stem from the 
non-commut ati vity. 

The dual qf-Krawtchouk polynomial tends to the Krawtchouk polynomial as 
g I 1 and the Krawtchouk polynomial can be rewritten as a Jacobi polynomial, 
cf. Koornwinder [11, §2], Nikiforov and Uvarov [15, §§12, 22]. On the level of 
basic hypergeometric series we can rewrite the dual g-Krawtchouk polynomial as a 
rational function resembling a Jacobi polynomial of argument z/{l + z), cf. [9, p. 
429]. Prom the addition formula we obtain an expression for the product of a little 
g-ultraspherical polynomal times a dual g-Krawtchouk polynomial as a g-integral 
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this addition formula is related to a special case of the addition formula for little 
Qf-Legendre polynomials, cf. [13]. 

Although our initial relation is a special case of the initial relation for Koorn- 
winder's second addition formula for g-ultraspherical polynomials, which he an- 
nounced in [14, remark 5.4], the addition formula for the big g-Legendre polyno- 
mial proved here is not a special case of that second addition formula. This is 
due to the fact that we use an infinite dimensional *-representation on our initial 
relation, whereas Koornwinder uses a one-dimensional *-representation to obtain 
the g-Legendre case of his addition formula for g-ultraspherical polynomials. 

It should be noted that there is an abstract addition formula for the big g- 
Legendre polynomial as a special case of the general abstract addition formula 
mentioned before, cf. [10], [17]. It is (at present) unknown whether it is possible 
to derive an addition formula for the big g-Legendre polynomials from the abstract 
addition formula. It might give an extension of the result presented in this paper. 

This paper is organised as follows. In sections 2 and 3 we recall the necessary 
information on basic hypergeometric orthogonal polynomials and on the quantum 
SU (2) group. The main result is proved in §4. Finally, in section 5 the limit g t 1 is 
considered. This limit transition can be handled with the devices developed by Van 
Assche and Koornwinder [22] to prove that the addition and product formula for 
the little g-Legendre polynomials tend to the familiar addition and product formula 
for the Legendre polynomial. 

2. Preliminaries on basic hypergeometric orthogonal polynomials 

The notation for g-shifted factorials and basic hypergeometric series is taken 
from the book [7] by Gasper and Rahman. We will assume g G (0, 1). 

The big g-Jacobi polynomials were introduced by Andrews and Askey [3, §3] and 
are defined by 

/ q ^ (ihc[^~^^ ^ QQ/X / c 
(2.1) Pn{x;a,b,c,d;q) ^ [ ' ; g, g 



ga, —qad/c 

The polynomial P^(a;; 1, 1, c, d; g) is the big g-Legendre polynomial. 

The monic big g-Jacobi polynomials P„ with a = 0, 6 = 0, can be obtained as a 
limit case of (2.1). First calculate the coefficient of a;" in (2.1) and next apply [7, 
(3.2.3)] before taking a ^ 0, 6 ^ 0. We find 



Pr^ix; 0, 0, c, d; g) = d^q'^^^^-'^ 2^1 (^^""^'/^ 5 ^' ) ' 
P.(x;0,0,c,d;g) = (-c)M^(-^)2<^i f ""^^"^ ; g 



(2-2) 

c 

These polynomials satisfy the three-term recurrence relation 

a;Pn(a^; 0, 0, c, d; g) = Pn-M (a^; 0, 0, c, g) g'^(c - d)P„(a;; 0, 0, c, g) 

+ g— icd(l - g")P„_i {x; 0, 0, c, d; q). 

Comparison of (2.3) with the three-term recurrence relation for the Al-Salam- 

i;j-„ 1 ™;„i„ „c fi C/il rc r^i, \tj einl „i j-i ™ — ;„ u;„ „ 
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polynomials are Al-Salam-Carlitz polynomials with dilated argument, Pn{x; 0, 0, c, d; q) 

c^Un~^^'^\x/c; q). The orthogonality relations for the Pn{-; 0,0, c, d; q) can be phrased 
as 

/ [PnPm) {x; 0, 0, c, d; q) {qx/ c, -qx/ d; q)oo dqX 

(2.4) J-d 

= 5n,m?^"^''"^^ {cd)''{q; q)n{l - q)c{q, -d/c, -qc/d; q)oo- 
Here the qf-integral is defined by, cf. [7, §1.11], 

/ f{x)dqX= f{x)dqX- f{x)dqX, / f {x) dqX = a{l-q)y^ f {aq%^ . 
Ja Jo Jo Jo f^^Q 

We will also need the little qf-Jacobi polynomials Pn{x; a, b; q), cf. Andrews and 
Askey [2, §3], [3, §3]. The little q'-Jacobi polynomials are big q'-Jacobi polynomials 
with c = 1 and d=0 and normalised such that the value at is 1. Explicitly, 

. , . fq-^,q^+'ab 

(2.5) pn{x;a,b;q) = 2(pi [ ^Q^QX 

The last set of orthogonal polynomials needed is the set of dual g-Krawtchouk 
polynomials, cf. [21, §4], which is a special case of the g-Racah polynomials, cf. [5, 
§4]. 

(2.6) Rn{q-^-s-\--'';s,N;q)^sV2[J '^'i^'i 

for n e {0, ... ,iV}. 

3. Results on the quantum SU{2) group 

Let q e (0, 1) be a fixed number. The unital *-algebra Aq is generated by the 
elements a and 7 subject to the relations 

a-y = q^ya, aj* — qj*a, 77* = 7*7, 

(3.1) 

a a + 77 =1, aa + g 77 =1. 

For q ^ 1 the algebra can be identified with the algebra of polynomials on the group 
SU{2). The algebra Aq is actually a Hopf *-algebra. See [12], [16] for references to 
the literature. 

The irreducible unitary corepresentations of the Hopf *-algebra Aq have been 
classified. For each dimension 2/ + 1, / G there is precisely one such corepre- 

sentation, which we denote by = (t^^^), n, m G {—I, —l + l,... ,1}. The matrix 
coefiicients t^^^ e Aq are explicitly known in terms of little qf-Jacobi polynomials. 
For our purposes it sufiices to have 



4,m - c^L(«*)>^-rn(77*; q'"-. q'"^: q^){-qil' 

^ ' ' ,1 jl _,m„ / *. Jim „2m. „2\„,m 
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with 



dL = 



l+m 



l—m 



for / G Z_|_, m = 0, . . . , Z. See [12], [16] for this result as weU as for references to the 
literature. 

Next we recall a special case of Koornwinder's result [14, theorem 5.2] on general 
spherical elements on the quantum SU (2) group. The case we consider is the case 
T — > 00 of [14, theorem 5.2]. Explicitly, the following identity in Aq is valid; 

I 

(3.3) Yl q-'^^^c'^%,m-Ci{a)Pi{p,,oc;l,l,q^'',l;q^). 

m=—l 

where u e M, 

■m — (Z+cr)m+im^ 

4- = c'll, = , ^ Ri-m{q-^' - Q-'^-'^?'^2/;Q2), 

yVl i q )l+m[q : q )l-m 
( „2-2cr. „2\ 

Cl{a)-{-l)q -J^2m7^ 
are constants and 

p,,oo = lim 29"+^-Va,r = <(a*7* - 7«) - (1 - q^ll*! e A- 



Here pa,T is defined in [14, (4.8)]. Equation (3.3) can be proved by redoing Koorn- 
winder's [14] analysis with X-j- replaced by X^o or by taking the limit r ^ oo in 
his result [14, theorem 5.2]. In the latter case we use the limit transition of the 
Askey- Wilson polynomials to the big g-Legendre polynomials as described in [14, 
theorem 6.2], cj''^ = i^g"^' ~''^(g^; 5^)2/^^^) and the limit 

lim g^^'c''^ = ^-'^y^^^^ 
^iimg (g2/+2.^2)^- 

This follows for m > from [7, (3.2.3) with e = 0, (1.5.3)] and by the symmetry 
c'l^ = cl^ for all m. 

A *-representation tt of the commutation relations (3.1) is acting on £^(Z_|_) 
equipped with an orthonormal basis {en}{nez^}j ^^e explicit action of the 
generators is given by 



(3.4) 7r(a)e^ = y/l- q^^^Cn-i, 7r(7)e„ = q'^Cn- 

The irreducible *-representations of Aq have been classified, cf. [12] and the refer- 
ences therein. The infinite dimensional *-representations are parametrised by the 
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4. Addition formula for big g-LEGENDRE polynomials 

In this section we prove an addition formula for the big g-Legendre polynomials. 
We start by representing the relation (3.3) in Aq as an identity for operators in 
the Hilbert space £^(Z+). Letting these operators act on suitable vectors and 
taking inner products yields the addition formula. This addition formula involves 
Al-Salam-Carlitz polynomials, little g-Jacobi polynomials and dual g-Krawtchouk 
polynomials. From the addition formula we find a g-integral representation for the 
product of a little g-Jacobi polynomial and a dual g-Krawtchouk polynomial. 

Consider the action of the infinite dimensional *-representation tt in £^(Z+) on 
P(T,oo- The operator 7r(pcr,oo) is a bounded self-adjoint operator and the action on a 
basis vector Cn of the standard orthonormal basis is given by 



Consequently, "^^^oPn^n is an eigenvector of 7r(po-,oo) for the eigenvalue A if and 

only if 

(4.1) 

Xpn = -zg"+ Vl - V+1 - g'"(l - q^nPn + ig"+"-' Vn. 

Since p-i = and po = 1, we view (4.1) as a three-term recurrence for polynomials 
in A. In order to determine the polynomials from (4.1) we calculate the leading 

coefficient lc{pn) — i"g~'^"g~^"*'"~^-*(g^; g^)n ^ and determine the three-term re- 
currence relation for the monic polynomials pn', 

(4.2) Ap„(A) = pn+i(A) - g'^(l - g''^)pn(A) + (1 - q^^)q'^+'^-^Pn-i{>^). 

Comparison of (4.2) with the three-term recurrence relation (2.3) for the big g- 
Jacobi polynomials with a = and 6 = leads to 

(4.3) Pn{X) = z-g--g-^-(-i) (g^; q%'- Pr,{X; 0, 0, g^-, 1; g^). 
Denote the corresponding vector by v\ = J2'^=oP'riW^n- 

Proposition 4.1. For A = — g^^, x E and A = g2cr+2x^ x e Z_|_, the vectors vx 
constitute an orthogonal basis o/£^(Z_|_). 

Proof. From the asymptotic formula, cf. [8, (1.17)], as n — > oo 

P„(A; 0, 0, c, d; q) ~ A^(c/A, -d/A; g)oo 

for A 7^ 0, A ^ cq"" and A ^ -dq^, x G Z+, it follows that Vx ^ •^^(Z+) for A -g^^ 
and A q^^+^^^ x eZ+. 

In the remaining cases we use the straightforward estimate 

(4.4) 2<fii(^^ ■,q,z^ <q~''''i-q~'';q)xiq,-\z\;q)oo, 

for fixed x e Z_|_, in combination with the series representation (2.2) for the monic 
big g-Jacobi polynomials Pn{-;0,0,c,d]q) to see that we obtain eigenvectors v\ G 

/}2r'77 \ t / „ ^ c — „;„ 1 \ „2a; ^ ^ n? ] \ „2<T+2a; ^ ^ u 
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The orthogonality follows, since the vectors are eigenvectors of a self-adjoint 
operator for different eigenvalues. It remains to prove the completeness of the set of 
eigenvectors in £^(Z_|_). To do this we first calculate the length of the eigenvectors 
in ^^(Z-i-). Consider A of the form g2(T+2a;^ ^ ^ then we have proved the 
orthogonality relations 

„n(n— 1)„— 2(Tn /„ — 2x „— 2n \ 

h ?i g g , , M ' ^ . ^2 ^2+2<7+2a; \ 

(4.5) n=Q '"^ V U / 

for a;, J/ e Z+, /ij; > 0. We view the 2^'i-series as a polynomial of degree x in the 
variable q~'^'^. It has leading coefficient (— l)^qf2»(»+'^). Since (4.5) holds, we have 
(4.6) 

^ — 2crn /„ — 2x ^— 2n \ 

In (4.6) we replace the 2¥'i-series by its terminating series representation 

19 ^9 JfcW -,(1 )k , -j^xfe 2fc(l+a+a:) 

.=0 (^''^')^ 

and we interchange the summations, which is justified by the estimate (4.4). The 
inner sum over n starts oX n = k and after a shift in the summation parameter the 
inner sum can be evaluated using o</?o(~; ~; 9: ^) — 9)00: cf. [7, (1.3.16)]. The re- 
maining sum over k can be summed using the g-binomial theorem i(/?o(9~^; ~; 9: -2) = 
{q-'^z\q)p, cf. [7, (1.3.14)]. The result is 

(4.7) K = g-^n^'; g')oo. 

So = Vg2o-+2x / II Vq2CT+2x || Is au eigcnvcctor of length 1 of the self-adjoint operator 

7r(pa,c>o)- 

The orthogonality relations for the eigenvectors corresponding to eigenvalues of 
the form — g^^, x G Z_|_, is (4.5) with cr replaced by —a. So 
is an eigenvector of length 1 of the self-adjoint operator 7r(pcr,oo)- 

The set of orthonormal eigenvectors {ux) {x^t,^} U {wa;}{a;ez+} forms a complete 
set of basis vectors for ^^(Z+) if and only if the dual orthogonality relations 

00 00 

(4.8) bn,m = en)(Wa;, Cm) + J^^^^' ^n)(w^a;, e^) 

x=0 a;=0 

hold. It is easily seen that (4.8) is equivalent to the orthogonality relations (2.4) 
for the monic big g-Jacobi polynomials Pn(s 0, 0, g^*^, 1; g^). The first sum in (4.8) 
corresponds to the g-integral over [—1,0] and the second sum corresponds to the 
g-integral over [0,g^°']. □ 

The orthogonality relations {u^t Uy) = 5x,y (oi' (w'x, Wy) = Sx,y) and {ux, Wy) = 
can be stated in terms of the g-Charlier polynomials, cf. [7, exercise 7.13]. (Note 
that the factor on the right hand side in [7, exercise 7.13] has to be replaced by its 
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Corollary 4.2. Define the q-Charlier polynomials by 

Cn{x; o; q) ^ 2V'i(g"", x; 0; g, -q^'+'^/a), a > 0, 

then 

2^ — 7 — s — (cnCm)(g"'^;a;g) = Sn,mq~''{q; q)n{-q/a; q)n{-a; q)oo 

x=0 ^''^ 

and 

2^- — 7 T c„(g ^;a;g)c„(g ';g) = 0. 

In order to convert (3.3) into a relation involving commuting variables we apply 
the infinite dimensional ^-representation tt to it. We let the resulting bounded 

operator act on a standard basis vector Cp and we take inner products with an 
eigenvector v\ G £^(Z_(_), cf. proposition 4.1. Next we use the fact that tt is a 
♦-representation to get the following identity 
I 

(4.9) Yl ?""^'4"(7r(tU)ep>^A) = Ci{a)Pi{X;l,l,q^'',l;q^){ep,vx), 

m=—l 

since Pi(A; 1, 1, g^'^, 1; g^) is a polynomial with real coefficients and 7r(po-,oo) is self- 
adjoint. The operator on the left hand side of (4.9) can be calculated explicitly 
by (3.2) and (3.4), since the standard basis vector Cp is an eigenvector of 71(7). 
Explicitly, for m > 0, 

= dL(-l)-g-(^+l) V(g2p+2. q2)^p,_^(q^P. q^rn^ ^2m. 

(4.10) 

= dlq^^^-^) ^{q^P; g-2)^p,_(g2(P— ); g^™, g^-; q^)ep-m, 

with the convention = for n < 0. Furthermore, from (4.3) it follows that for 
all p G Z_|_ 

■-P -o-p -ip(p-l) ^ ^ „ 

(4.11) (ep,^A) = ^ , , Pp(A;0,0,g^^l;g2). 

;^ )p 

Now we use (4.10) and (4.11) in (4.9) together with the explicit values for Ci{a), 
and (i^, cf. (3.2), (3.3). Divide the resulting identity by the factor in front of 
the monic big g-Jacobi polynomial in (4.11) to obtain 

—^Ri{q-^^ - g-2^-2-; 21; q^)pi{q'P; 1, 1; g^)Pp(A; 0, 0, g^^ 1; g^) 

{q ,q )i 

'■ „2m{p-l)(„2p. „-2\ 

J-\^( T\m q '\q iq Jm p ^ 21 -21-20. -la c^,!-!-. 

(4.12) fa^;,^),_„(<,-,^)„^'-"(« -« •« 



' m(m+l)-2Tn(cr+Z) 

^1 (g ,g^)«-m(g ,g^)m 

X p;_^(g2^; g^"^, g^'"; g')Pp+^(A; 0, 0, q^\ 1; g^) 

for A = — g^^, X G Z+, or A = qi2'^+2a;^ x G Z+. 
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Theorem 4.3. (Addition formula for the big g-Legendre polynomial) With the 
notation of (2.1), (2.2), (2.5) and (2.6) we have for c,d > 0, p,l & Z+, x & C, 

^-^^/^Piix; 1, 1, c, d; q)Ppix; 0, 0, c, d; q) = 
{q; q)r'Rl{q-^ - 4"'; ^, 2/; q)pi{q''; 1, 1; q)Pp{x; 0, 0, c, d; g) 

^ jm m{p-l)( p -1\ d , r 

(4-13) {q;q)i-m{q;q)m c 

X pi-miq''-'^; g"^, g"^; q)Pp-m{x; O, O, c, d; g) 

+ E (-i)'"^;;^^ — ^^i?^-m(g-' - -g-'; 2Z; g) 
c"^(g;g)/-m(g;g)m c d 

X pi-miq^; g^, g"'; g)Pp+^(a;; 0, 0, c, g) 



Proof. Since (4.12) only involves polynomials, it holds for all values of A. In (4.12) 
we replace g^, g^'^, A by g, c/d, x/d. Now (4.13) follows from 

Pn{x/d;a,b,c/d,l;q) = Pn{x;a,b, c, d; g), 
Pnix/d; 0, 0, c/d, 1; g) = d'^'Pnix; 0, 0, c, d; g), 

which is a consequence of (2.1) and (2.2). □ 

Remark. 1. The choice of the infinite dimensional *-representation does not influ- 
ence the result. We would obtain the same addition theorem if we had considered 
the development of a {oo, T)-spherical element in terms of the standard matrix 
elements instead of (3.3). 

2. If we specialise c = 1 and d — in (4.13), then we can sum the dual g- 
Krawtchouk polynomials Ri-m by the g-Chu-Vandermonde sum [7, (1.5.3)], from 
which we see that Ri-m equals (g"^"*"-*^; g)/_m/(g'"'"'^"''"^; g)/-m- The monic big g- 
Jacobi polynomial Pp with a = b = d = 0, c=l is summablc by the g-binomial 
theorem [7, (1.3.14)], which results in (— l)Pg^p(p~^)(g^~Px; g)p. Furthermore, the 
big g-Legendre polynomial reduces to (— l)^g5'('+^)p;(a;; 1, 1; g), so that we obtain 
the following special case of (4.13); 

' m{m—l+p) / \ 

Pi{x;l,l;q){q'-Px;q)p^Yl V"^ f ^ Pi-m{q^ ; q^, q^; q){q^-^-^x; g)^+^. 

yq^ qji-myq: q)m 

This corresponds to the case a; — > oo of Koornwinder's addition formula for the 
little g-Legendre polynomials [13, theorem 4.1 with q^ = x]. 

The following g-integral representation for the product of a dual g-Krawtchouk 
polynomial and a little g-ultraspherical polynomial is a direct consequence of theo- 
rem 4.3 and the orthogonality relations (2.4). Just multipy (4.13) by Pp_|_^(x; 0, 0, c, d; g) 



10 H.T. KOELINK 

Corollary 4.4. For c, d > 0, p, Z e m e {0, . . . , Z} we have 

Rl-m{q-' - -q-'; %2l;q)pi_m{q'';q'^,q'^;q) = 

(4-14) re ' _ 

C / Pi{x;l,l,c,d;q){PpPp+m)ix;0,0,c,d;q){qx/c,-qx/d;q)oodqX 
J-d 

with 

(-iy+^q-¥il+-^)-hPiP-^)+^(l-P-^)c-Pd-P-'^{-qd/c; q)i{q; q)i-rn 



c 



(1 - q)c{qi+^; q)l{q'^+^; q)p{q, -d/c, -qc/d; q). 



Multiplying (4.13) by Pp-m(2;; 0, 0, c, (i, ; q') and ^-integrating over [— (i, c] yields 
the same result (4.14). Specialising m = in (4.14) shows that the product of the 
little g-Legendre polynomial and a dual g-Krawtchouk polynomial can be written 
as a g-integral transform with a positive kernel of the big g-Legendre polynomial. 

5. The limit case g t 1 

In this section we show that the addition formula for the big g-Legendre poly- 
nomials (4.13) and the product formula (4.14) tend to the addition and product 
formula for the Legendre polynomials as g | 1 . The general theorems of Van Assche 
and Koornwinder [22] used to obtain the addition and product formula for the Le- 
gendre polynomials form the addition and product formula for the little g-Legendre 
polynomials, of. [13], are applicable in this case as well. Sec Askcy [4, Lecture 4] 
for information on addition formulas for classical orthogonal polynomials. 

We use the notation R^'^^ {x) for the Jacobi polynomial normalised by R^^'^^ (1) = 
1. First we note that the little and big g- Jacobi polynomials tend to the Jacobi 
polynomials of shifted argument as g t 1; 

limP.(a;; g«, g^ c, d; q) = + ^ " ^ 



(5.1) \ c + d 

limj9„(x; g«, g^; g) = i?i"'^)(l - 2x). 

The dual g-Krawtchouk polynomial can be rewritten as a 2</'2-series, which tends 
to a Jacobi polynomial as g t 1. This has also been used in [9, p. 429] to prove that 
the g-Krawtchouk polynomial tends to Jackson's g-Bessel function. We can also let 
the dual g-Krawtchouk tend to the Krawtchouk polynomial and use the relation 
between Krawtchouk polynomials and Jacobi polynomials, cf. [11, §2], [15, §§12, 
22]. The result is 

(5.2) limii,_„(,-' - '-,21;,) = ("» (i ^ (£^) , 

gTi c d {l + m+l)i-m c \c + d/ 



In order to apply the theorems of Van Assche and Koornwinder [22] we have to 
consider the orthonormal big g- Jacobi polynomials with a = 0, b = 0. Define 



ADDITION FORMULA FOR BIG q-LEGENDRE POLYNOMIALS 



11 



then the polynomials Pk{x; q) satisfy the recurrence relation 

xpk{x; q) = afe+i(g)pfc+i(a;; q) + bk{q)pk{x; q) + ak{q)pk-i{.x\ q) 

with 

ak{q) = q^^^-^^^cd{l-qk), hk{q) = q\c-d). 

Fix r e (0, 1) and define ak,n = cik{r^^^) and bk,n = Hif^^^)- The following limits 
are easily established; 



lim a„ n = ^/rcd{l - r) > 0, lim bn,n = r{c- d) e 

and 



lim (aln - «fc-i,n) = 0' iKn - h-i,n) = 

n — >oo ' ' n — >oo 

uniformly in k. Now [22, theorem 1] can be applied and it yields 
(5 4^ ^.^ p„+i(x;ri/") jx-r{c-d) 



n^oo pn{x;r^/'^) ^2y/rcd{l - r) 

uniformly on compact subsets of C\[— c]. Here p{x) — x-\-\/x'^ — 1 and the square 
root is the one for which \p{x)\ > 1 for x ^ [—1, 1]. Rewriting (5.4) in terms of the 
big g-Jacobi polynomial and iterating yields 

(5.5) lim Pp:^rn{xMc,d-y/n ^ (,^,(i_,))-V^ ^-^(^-^) 



P^°° Pp{x;0,0,c,d;r^/P) ^2^rcd{l-r)- 

for all m e Z and x G C\[— c?, c]. 

Now the proof that (4.13) tends to the addition formula for Lcgcndre polynomials 
can be finished. Replace by r^/^ in (4.13), divide both sides by {q^+^ ; q)~^ Pp{x; 0, 0, c, d; r^/P) 
and let p — > oo, i.e. g t 1, then we can use (5.1), (5.2) and (5.5) to obtain, after a 
short calculation, 
(5.6) 

^ (l-m)\m\(l + m + l)i_m ^ c' ^c^ 

m=l 



^"^^-^ 1^^'- '"H^ l2V rcd(l-r) ^^^ UV rcd(l-r) 

The term in square brackets equals 2Tmiy{x — r(c — d))/2^Jrcd{l — r)), where 
T^(cos^) = cos mO is the Chebyschev polynomial of the first kind. In (5.6) we 
also use rIT'^^^-x) = (-l)-i?^'"^)(x), then we find, after a short manipulation 
of the Pochhammer symbols, 

«r'(^)=«^"'(f^^)«r'(^--) 

{1+171)1 d ^^,d . •.\m/2^(m,m) fd- C 



m=l ^ / \ / 
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Since the dependence on x in (5.7) is polynomial, the restriction x e C\[— d, c] can 
be removed. Formula (5.7) is equivalent to the addition formula for the Legendre 
polynomial, cf. [4, Lecture 4], 
(5.8) 

+ = i?r'°^(.x)i?[°''^(y) 

m—l ^ ^'^ •/ \ / 



by identifying {d — c)/{c + d), 1 — 2r, (x — r(c — (i)) /2^rc(i(l — r) with x, y and t. 

The limit case of the product formula (4.14) can also be handled with the meth- 
ods developed by Van Assche and Koornwinder [22]. Note that 

A = lim an+k,n = \/rcd{l - r), B = lim bn+k,n = r{c - d) 

n— »oo n— >c» 

for all A; e Z. Now [22, theorem 2] can be applied to yield 
(5.9) 

P^oo TT Jb-2A yJ^A^ " (-^ " R') 

for all continuous functions / on [— c] . Here 

/c /.c 
f{z)di^p{z) = / f{z){qz/c, -qz/d; g)oo c^q^; 

with on the right hand side replaced by r^/^, and the Pp(z; q) are the orthonormal 
big qf-Jacobi polynomials with a = & = 0, cf. (5.3). 

If we now use (5.9), (5.3), (5.2) and (5.1) to take the limit q = r^^^ t 1, i.e. 
p — > oo, in (4.14), we obtain 

(-l)^+-(dr(l-r) /c) -'-/^ r^'^ ( 2z + d-c ^ T^{{z-B)/2A) 

with A = ■sjrcd{l — r), B = r{c — d). By changing the integration variable to 
t = {z — B)/2A^ replacing [d — c)/{c + d), 1 — 2r by y and using R^'^\—x) = 
{—!)"' Rlr''^\x) we obtain the product formulas 

^;-r^(-)i?;-r^(y) =2^" ^^;^?^ 

(5.10) ^ ^' 



{xy + V(i-^^)(i-y^)) 



ADDITION FORMULA FOR BIG q-LEGENDRE POLYNOMIALS 



13 



References 

1. W.A. Al-Salam and L. Carlitz, Some orthogonal q-polynomials, Math. Nachr. 30 (1965), 
47-61. 

2. G.E. Andrews and R. Askey, Enumeration of partitions: The role of Eulerian series and q- 
orthogonal polynomials, in "Higher Combinatorics" (M. Aigner, ed.), Reidel, 1977, pp. 3—26. 

3. , Classica/ ori/iogonaZ poZynomiaZs, in "Polynomes Orthogonaux et Applications" (C. Brezin- 

ski, A. Draux, A. P. Magnus, P. Maroni and A. Ronveaux, eds.), Lecture Notes Math. 1171, 
Springer, 1985, pp. 36-62. 

4. R. Askey, Orthogonal Polynomials and Special Functions, CBMS-NSF Regional Conference 
Series in Applied Mathematics 21, SIAM, 1975. 

5. R. Askey and J. Wilson, A set of orthogonal polynomials that generalize the Racah coefficients 
or 6 -J symbols, SIAM J. Math. Anal. 10 (1979), 1008-1016. 

6. T.S. Chihara, An Introduction to Orthogonal Polynomials, Mathematics and its Applications 
13, Gordon and Breach, 1978. 

7. G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Mathematics and 
its Applications 35, Cambridge University Press, 1990. 

8. M.E.H. Ismail and J. A. Wilson, Asymptotic and generating relations for the q-Jacobi and 4(^53 
polynomials, J. Approx. Theory 36 (1982), 43-54. 

9. H.T. Koelink, Hansen-Lommel orthogonality relations for Jackson's q-Bessel functions, J. 
Math. Anal. Appl. 175 (1993), 425-437. 

10. , The addition formula for continuous q-Legendre polynomials and associated spherical 

elements on the SU{2) quantum group related to Askey- Wilson polynomials, SIAM J. Math. 
Anal. 25 (1994), 197-217. 

11. T.H. Koornwinder, Krawtchouk polynomials, a unification of two different group theoretic 
interpretations, SIAM J. Math. Anal. 13 (1982), 1011-1023. 

12. , Orthogonal polynomials in connection with quantum groups, in "Orthogonal Poly- 
nomials: Theory and Practice" (P. Nevai, ed.), NATO ASI series C, vol 294, Kluwer, 1990, 
pp. 257-292. 

13. , The addition formula for little q-Legendre polynomials and the SU (2) quantum group, 

SIAM J. Math. Anal. 22 (1991), 195-301. 

14. , Askey- Wilson polynomials as zonal spherical functions on the SU (2) quantum group, 

SIAM J. Math. Anal. 24 (1993), 795-813. 

15. A.F. Nikiforov and V.B. Uvarov, Special Functions of Mathematical Physics, Translated from 
the Russian by R.P. Boas, Birkhauser, 1988. 

16. M. Noumi, Quantum groups and q-orthogonal polynomials. Towards a realization of Askey- 
Wilson polynomials on SUq{2), in "Special Functions" (M. Kashiwara and T. Miwa, eds.), 
ICM-90 Satellite Conference Proceedings, Springer, 1991, pp. 260-288. 

17. M. Noumi and K. Mimachi, Askey-Wilson polynomials and the quantum group SUq{2), Proc. 
Japan Acad., Ser. A 66 (1990), 146-149. 

18. , Askey-Wilson polynomials as spherical functions on SUq{2), in "Quantum Groups" 

(P.P. Kulish, ed.), Lecture Notes Math. 1510, Springer, 1992, pp. 98-103. 

19. M. Rahman, A simple proof of Koornwinder's addition formula for the little q-Legendre poly- 
nomials, Proc. Amer. Math. Soc. 107 (1989), 373-381. 

20. M. Rahman and A. Verma, Product and addition formulas for the continuous q-ultraspherical 
polynomials, SIAM J. Math. Anal. 17 (1986), 1461-1474. 

21. D. Stanton, Orthogonal polynomials and Chevalley groups, in "Special Functions: Group 
Theoretical Aspects and Applications" (R.A. Askey, T.H. Koornwinder and W. Schempp, 
eds.), Reidel, 1984, pp. 87-128. 

22. W. Van Assche and T.H. Koornwinder, Asymptotic behaviour for Wall polynomials and the 
addition formula for little q-Legendre polynomials, SIAM J. Math. Anal. 22 (1991), 302-311. 

Department of Mathematics, Katholieke Universiteit Leuven, Celestijnenlaan 
200 B, B-3001 Leuven (Heverlee), Belgium 

E-mail address: erik'/,twi'/,wis®cc3. KULeuven.ac.be 



